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Abstract—This paper addresses the key features of the abrasive surface finishing process and presents mathe-
matical models for forces acting on a workpiece surface being machined with abrasive grains. It is shown that,
at the specified working and force parameters of the machining of a workpiece with surfaces of abrasive grains
of a lap plate, the surface fracture of the metallic workpiece being machined is more brittle at small cutting
depths. This helps intensify the chip formation process and achieve required workpiece surface quality.
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INTRODUCTION
One component of comprehensive research into

the operation of abrasive grains on a lap plate is deter-
mination of force dependences. According to previous
studies concerned with a model of an abrasive grain
[1–3], each of its protrusions can be regarded on a
small scale as a grain top, having appropriate dimen-
sions and the shape of a truncated regular pyramid
with a square base (Fig. 1).

In connection with this, the set of forces generated
during microcutting can be exemplified by the interac-
tion between a single protrusion of an abrasive particle
with the surface of the workpiece being machined, in
accordance with previously reported results [1–3].

Moving at velocity V along the surface being
machined, a protrusion of an abrasive grain (Fig. 1)
removes a layer of the material of thickness az (cut

thickness). As a result of shear deformation in the
OAGB plane, this layer transforms into microcutting
chips. While moving in the direction of the velocity V,
the abrasive grain microprotrusion overcomes the tan-
gential component Pz of the cutting force. Penetration
of the microprotrusion into the surface being
machined is ensured by the cutting force component
Py, which defines the compression directions in the
shear plane and under the OAGB area.

MATERIALS AND METHODS
It is reasonable to assume in a first approximation

that, in the case of surface material removal at small
cutting depths, az(hd) ≥ 0.002–0.03 mm, the stress
state in the region around the cut follows the same
general rules as in the case of microcutting with the top
of an abrasive particle during grinding. In determining
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Fig. 1. Schematic illustrating the motion of an abrasive grain relative to the workpiece surface being machined.
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Fig. 2. Schematic diagram of the component forces involved in microcutting of a material surface with an abrasive grain pro-
trusion.
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the cutting forces involved, it is then necessary to pro-
ceed from equilibrium between the active (external)
and reactive (internal) forces acting on the micropro-
trusion of the abrasive grain. In the case of abrasion,
three types of such forces are considered: shear force,
normal pressure force, and friction force. These forces
and their components are indicated in Fig. 2.

In the case of microcutting with abrasive grains, the
cut thickness upon abrasive finishing is relatively
small, az(hd) ≤ 0.002–0.03 mm, and hence, under

plane strain conditions, the forces involved can be
thought to be applied to point O, that is, to the begin-
ning of the cutting edge of the abrasive particle. For
the same reason, they can be represented by a single
resultant force, because they have insignificant
moments. In the schematic diagram in Fig. 2, the dis-
tribution of the forces and stresses involved is repre-
sented with the use of Mohr’s circles [1, 4, 5]. Mohr’s
circle is a circular diagram providing a clear represen-
tation of the stress in various sections passing through
a given point.
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In Fig. 2, Py is the radial component of the micro-

cutting force R, Pz is the tangential component of R,

Pys is the Py component due to normal stress σ, Pyfr is

the component due to the stress acting along the OB
line and causing friction between the protrusion and

the material, Pzs is the Pzτ component that results from

plastic shear stress τs and increases friction between

the microcutting chips and the front face of the abra-

sive protrusion, Pzfr is the tangential friction force

between the material and the back face of the pro-

trusion, γ is the front angle of the cutting edge of the

abrasive protrusion,  and l ' are the bases of the

cross-sectional trapezoid of the microcutting chip,

 = lm are parameters of the blunting area of the

abrasive grain protrusion top, β1 is the angle of the

shear plane, β is the angle between the cut line and

the direction of the resultant cutting force Rs, and hd

is the dynamic depth of penetration of the abrasive

particle into the workpiece material during micro-

cutting.
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Unlike in the case of microcutting with grains
during grinding, where the grain tops have consider-
able blunting areas, abrasive finishing is characterized
by a uniform normal stress distribution along the
length of the blunting area as a consequence of its
small size, and the normal stress σ can be taken to be
equal to that under point O. We then have [1–3]

(1)

It follows from geometric relations:

(2)

Previous results [1–5, 7] demonstrate that, in the
case of abrasive finishing, the parameters of the wear

area of abrasive grains vary in the range lm =  = 3–

20 μm, depending on machining conditions.

The normal force PN (Fig. 2) can be found as fol-

lows:

(3)

Since it follows from Eq. (1) that 
we obtain

(4)

The resultant force Rs can be found using the fol-

lowing relation:

(5)

From Rs and the angle β between the cut line and

the direction of the resultant cutting force Rs, we can

find the cutting force components:

(6)

(7)

With allowance for the normal stresses involved
and the size of the friction area, ffr, the friction force

components in the friction area can be found as

where μ is the coefficient of external friction between
the abrasive and the metal.

σ ≈ σ = τ0 1.5 .s
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Taking into account the relations for the compo-
nent forces, we obtain the tangential and radial com-
ponents of the resultant cutting force R:

(8)

(9)

According to previously reported results [5, 6], in
the case of cutting with the tops of abrasive grains the
shear angle β1 is given by

(10)

where γ is the front angle of the cutting edge of the
grains and ηmc is the shrinkage coefficient of the
microcutting chips: the ratio of the chip thickness amc

to the cut thickness hd.

In the case of microcutting with the tops of abrasive
grains, the front angle γ is commonly taken to be from
–45° to –55° in accordance with previous results
[4, 6]. According to electron microscopy data [1, 2],
the front angles of the cutting edges of microprotru-
sions fall in roughly the same range.

Chip shrinkage can be determined experimentally
by measurements on a large number of chips produced
by microcutting with single abrasive grains. According
to previous studies [4, 6], the chip shrinkage coeffi-
cient ranges from 1.1 to 1.8.

As shown earlier [1–5], chip shrinkage in the case
of microcutting at small depths (hd ≤ 0.002–0.03 mm)

is smaller, falling in the relatively narrow range ηmc =

1.1–1.8. The small chip shrinkage is consistent with
the near-unity chip formation coefficients Kc obtained

in previous studies [1, 2] and confirms that, in the case
of abrasive finishing, the surface fracture of the metal-
lic workpiece being machined is more brittle in com-
parison with microcutting of the workpiece surface
with the abrasive grain top in the case of grinding.

Calculation using Eq. (10) at an average chip
shrinkage coefficient ηmc = 1.14 and γ = –50° gives

β1 = 23°. Previous results demonstrate that, at limiting

chip shrinkage coefficients and γ angles, the shear
angle lies in the range β1 = 19°–26°.

The angle β can be found from the relation
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β
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We obtain β1 + β = 56°18′. Since β1 = 23°, we have

β = 33°18′.
The parameters τs and μ can be approximately

determined using analytical relations, a particular
blunting area size, and experimentally determined Py

and Pz. Equations (8) and (9) should then be solved

simultaneously by dividing Pz by Py because both con-

tain the parameter τs and the coefficient of friction μ
influences only the tangential component of the cut-
ting force.

In the case of grinding, residual stress τs depends on

machining conditions and the properties of the mate-
rial being machined. This stress results from plastic
deformation of the metal during grinding, which is
accompanied by a nonuniform intragranular shear of
some parts of a crystallite relative to others.

Solving Eqs. (8) and (9), we obtain

(11)

Substituting the geometric and force parameters in
Eq. (11), we find that, in the case of abrasive finishing,
the plastic shear stress varies in the range τs = 3550–

4550 MPa (355–455 kgf/mm2), depending on
machining conditions (μ = 0.26–0.29), unlike in the
case of grinding, where τs = 2000–3000 MPa. The

shear stress calculated using experimental data is sev-
eral times that in the case of microcutting with abra-
sive grain tops during grinding. The higher shear stress
in the case of abrasive finishing points to an increased
shear resistance of the material, which can be
accounted for by the more brittle fracture behavior of
the material [7–9].

DISCUSSION

Investigation of the fracture behavior of a material
during abrasive finishing has shown that the material
removal process takes place at a higher plastic shear
stress. This can be accounted for by the more brittle
fracture behavior of the material when it is dispersed.
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