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Abstract—Boundary value problems for the system of Maxwell’s equations are fundamental in elec-
trodynamics. Recently, interest has arisen in problems with the presence of a thin graphene layer on
the surface, which changes the field-matching conditions. In this paper, an integro-differential equa-
tion is obtained for a vector boundary value problem of diffraction of an electromagnetic wave by a
graphene-coated inhomogeneous dielectric body. The existence and uniqueness of a solution of the
integro-differential equation, which can be called a surface-volume equation, is proved.
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INTRODUCTION

Boundary value problems for Maxwell’s equations with field matching play an important role in elec-
trodynamics, especially in problems of electromagnetic-wave diffraction by bounded dielectric bodies.

Although field-matching problems have been studied quite well (see [1—5]), boundary-value problems
with special field matching conditions that allow the presence of a thin layer of material (e.g., graphene)
at the interface between the media have now begun to be studied (see [6—13]). In some cases, it is neces-
sary to take into account the nonlinearity of the field matching conditions (due to the nonlinearity of
graphene in the infrared and terahertz frequency ranges).

In [14], the problem of diffraction of an electromagnetic wave by a graphene-coated homogeneous
dielectric body was considered. It was reduced to a system of surface integro-differential equations. In the
present article, due to the inhomogeneity of the dielectric body, this approach is not applicable.

To study the problem of electromagnetic-wave diffraction by a graphene-coated inhomogeneous
dielectric body, the method of volume singular integral equations was used, which reduces the boundary
value field-matching problem to a volume integro-differential equation over the body. This approach also
allows using numerical methods to find a solution to the integro-differential equation and facilitates effi-
cient parallelization for solving on supercomputers.

The article considers a vector problem of diffraction of electromagnetic waves by an inhomogeneous
dielectric body with a graphene coating (without taking into account the nonlinearity of graphene) and
obtains a system of integro-differential equations over the inhomogeneous body. Continuous invertibility
of the operator corresponding to the equation is proved, as well as the existence and uniqueness of a solu-
tion to the integro-differential equation.

1. PROBLEM STATEMENT

Consider a bounded domain €, € R’ with a smooth boundary I" of class C 2; the permittivity and per-

meability in it are, respectively, €(x) and L, and, in its exterior Q, := R3\£_21, g, and u,, where
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e(x) e CN(QI), Reg(x) >0, and Ime(x) 20 at x € 5_21. Thus, we are considering an inhomogeneous
dielectric body.

The total electromagnetic field (E,H) in the domain €, is denoted as (E;,H,), and in the domain Q,,
as (E,, H,). The field is excited by an electromagnetic wave (E,,H,),sothatE, = E, + E,, H, = H, + H,,

where (E ), H,) is the known incident field and (E,, H,) is the scattered field. The incident field satisfies
the system of Maxwell’s equations

n R’ (1)

Cuﬂ HO = _i(DEOEo,
Cuﬂ EO = iwuoHo,

To determine the indicated components, it is necessary to solve the system of Maxwell’s equations

1H, = —iog(x)E,,
curltly =0k, 4 g )
CuI'lH2 = _i(DgoEz,
, n Q,, 3)
CuI'lE2 = lmuon,

where ® is the circular frequency.
At the boundary I', we impose the field matching conditions

[vxH]. = cE, (4)
[vxE]. =0, (5)
where [ f]. = f, — f; denotes the difference in the traces of the function from different sides of T', v is the
vector normal to the boundary I" directed into the domain €,, the index T denotes the tangent compo-
nents, (X) denotes the vector product, and
G =0,0,(x) (6)
is the linear conductivity of graphene—a complex-valued function [15], where 6, > 0 and |Gg(x)| <1
o,(x) e co(@T).
At infinity, we have to satisfy the Silver—Muller conditions (see [4, 5]):

(e,xES)+\/£(e,x(e,><Hs)) = o(l) as 1 —> oo, 7)
€ r

where e, is the normal vector to the unit sphere, r = |x|, and x = (x;, x,, X3).

We will assume that E,H € C'(©,) N C(Q,) and E,H € C'(Q,) N C(Q,), i.e., seek the classical solution
of problem (1)—(7).

2. INTEGRO-DIFFERENTIAL EQUATION
We define

efko\X—ﬂ 2 5
q)(xa y) = kO = 0 EglLyp.
4mlx -y

Using the Stratton—Chu formulas, we express the fields E and H via a combination of surface electric
and magnetic currents.

In the domain Q,, by virtue of (1), we have [4], p. 124, Theorem 4.1,

—E,(x) = curl I D(x, y)(v,(y) X Eq(¥))ds(y) — ——curl curl j D(x, ) (vi(¥) X Ho())ds(y), ®)
T T

0,

where x € €, and v, is the outer normal to the boundary of the domain €,. Hereinafter, we take into
account that the notation of the systems of Maxwell’s equations (1)—(3) differs in coefficients from the
similar notation in [4], but it is easy to recalculate them, so we will not dwell on this issue.
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Further, by virtue of (3) and (7), we also have [4], p. 128, Theorem 4.5

0 = curl I D(x, y) (v2(y) X E(»))ds(y) —
T

18 curl curl [ ®(x, ) (v,() X H,())ds (), ©)
0 T

where x € Q, and v, is the outer normal to the boundary of the domain Q,.
Subtracting Eq. (9) from (8), given that v, = —v,, we get

—Ey(x) = curljd>(x, V() X Ey(»))ds(y) - l_(;g curl cur1I<D(x, VYi(») xHy(y))ds(y), (10)
r 0 r

where x € Q.
System (2) can be rewritten as

CllI'l H] = _l(DEOEl + J, .
. in Q, (11)
CllI'lEl = IOJMOHI,
where
J = —(e(x)/g, — Dime E,. (12)

Applying formula (6.5) from [5], p. 191, Theorem 6.1, by virtue of (11) and (12), we find

E(x) = —curl j D(x, y)(vi(y) X E(¥))ds(y) + grad _[ D(x, y)(vi(y) - E\(»)ds(y)
T T

1
iME,

— ity [ @, ) (v, (0) X Hy (p)ds(y) ~ ——grad [ @(x, ) div Iy + iop, [ e Iy,
r Q Q

where x € Q,. Next, we transform the obtained expression using the formulas of vector analysis, Stokes’
theorem, and (11), (12) to
1

0,

E(x) = —curl I D(x, y)(vi(») X Ey(y))ds(y) +
T

1
W€,

curl curl [ ®(x, ») () x H,())ds(y)
T (13)

graddiv [ D(x, »)I)dy + iop, [ BCx, »)I()dy,
Q Q

where x € Q.
Now, adding (10) and (13), given (4), (5), and (12), we get

E(x) = E(x) -

curl curl [ ©(x, ) (G()E())ds(y)
0 T

+ grad j ®(x, y) div ((@ . 1) E( y)j dy + k? j @(x, y) (@ _ 1] E( y)j dy,
Q 80 Q 80

or, after transformations, we obtain the equation

E() = Ey(x) = ——(zrad div +43 ) [ @(x, ) (G0IE(1)ds()
0 r

0

(14)
+ (grad div+k;) I D(x,y) ((M - lj E(y)j dy,
&, €

where x € Q,.

Note that all the above transformations are justified, since we consider solutions from the classes of
functions E,H e C'(Q,) " C(Q,) and E. H € C'(Q,) " C(Q,), for which the formulas used above were
obtained in [4, 5].

Equation (14) was first formally obtained in [16]. In this paper, it is obtained by another method.

This equation is a hypersingular integral equation if the gradient and divergence operations are intro-
duced under the integral sign. However, we will not regard it as hypersingular. It will be more convenient
for us to treat it as an integro-differential or pseudo-differential equation.
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A specific feature of this equation is that it contains both the unknown function E itself in the domain
Q, and its trace E, on the boundary T". It can be called a surface-volume equation.

3. SOLVABILITY OF THE INTEGRO-DIFFERENTIAL EQUATION

It is more convenient to study the integro-differential equation (14) not in the class of smooth func-
tions, but in suitable Sobolev spaces. These spaces are selected from the conditions of finiteness of energy
in any bounded spatial domain [17, p. 38]. The issues of smoothing of solutions to the equation under con-
sideration are not considered in this article.

Let us introduce the space of functions (see [17, p. 40], [5, p. 207])
H=H(Q) = L(Q) = {F: Fe L(Q), curl Fe L(Q)}

with scalar product and norm
(F,V)y = (F,V)q, + (curl F,curl V), [Fl}, =[F], o +[curlF[; , .
We also introduce the space (see [17, p. 86], [5, p. 208])
W =W() = Hg/*(D)={u:ue H (), divue H™*(D)].

Such spaces W were first proposed in [18], then in [17], and later began to be used all over the world to

solve problems of diffraction on screens (in foreign publications, they are usually denoted as Hd_ilv/ 2(1")).

Here, u is a tangent vector field. More precisely, it is a section of the vector bundle over the manifold I".

The Sobolev space H - 2(1“) is usually defined via the Fourier transform in local maps and the partition
of unity [17, p. 84]. By div we mean the operation of surface divergence [17, p. 84]. The scalar product and
the norm in W are also defined in [17, p. 85].

Let us write Eq. (14) in operator form
1

E=E,-6,— L(c6,7TE) + AE, (15)

ime,

where
Lu = ( graddiv + k(f ) _[ D(x, y)yu(y)ds(y), (16)
T
AF = (grad div + kg)j D(x,y)(e(x)/e, — DF(y)dy, (17)
Q

TE = ET|1_. (18)

Lemma 1. Operator (18) T : H — W is bounded.

The proof follows from estimate (6.52) in [5, p. 208].

Lemma 2. Operator (16) L : W — H is bounded.

Proof. We transform the operator L to the form (see [17, p. 93], [5, p. 205])

Lu = grad [ ®(x, ) divu()ds(y) + k; [ D, Yu()ds(), (19)

r T
where div is again understood as the surface divergence. It is known [17, p. 93], [5, p. 209] that the operator
Kv = J;_ O(x,y)yw(y)ds(y) is bounded when acting from H 2 to HIIOC(R3); therefore,
grad L O(x, y)divu(y)ds(y) € L,.(R*) and curl L O(x, y)u(y)ds(y) € Li..(R®) for ue W. Obviously,

jr O(x, u(y)ds(y) e L (R*). In addition, curl graddiv L O(x, yu(y)ds(y) =0.  Therefore,

L:W — L4, = H is bounded and we have an estimate |Lu],, < C]u], with some constant C > 0
and any u € W . Note that it suffices to prove this estimate for smooth functions (tangent fields), and then
extend it to the entire space W by continuity due to the denseness of smooth functions in W'.
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Lemma 3. I[fe € C7(Q,) and £(x) > €, for x € Q,, then the operator I — A : H — H is bounded and has
a continuous inverse.

Proof. In Theorem 6 [19, p. 160], it is proved that, under the conditions specified in the theorem, the
operator I — A : [,(Q,) — L,(€,) is bounded and has a continuous inverse. Consider this operator in the
space H .

Let us prove the boundedness of the operator 4 in H. Obviously, curl .Lz D(x, y)(e(x)/e, — DF(y)dy

L,(Q,) (and even belongs to Hlloc(Rs)), if Fe L,(Q,) (see [19, p. 144]). Therefore,
IQ D(x,y)(e(x)/e, — DF(y)dy e H if Fe H. Next, graddiv L D(x, y)(e(x)/ey — DF(y)dy € L,(Q)) if

Fe L,(Q,) (since the potential IQ D(x, y)(e(x)/ey — DF(y)dy € H,zoc(R3)) [19, p. 144]. But

curl grad div IQ D(x, y)(e(x)/ey — DF(y)dy = 0; therefore, graddiv JQ D(x,y)(e(x)/e, —DF(»)dy € H if
F e H.Then, l;y virtue of (17), the operator A is bounded in H . ]

Let F € 1,(Q)) be the unique solution of the equation (/ — A)F =V, V € L,(,), which holds by virtue
of the continuous invertibility of the operator I — A4 : 1,(Q,) — L,(£2;). Obviously, for Ve H, such a
unique solution exists too. Assume that it is F. We will prove that Fe H. We have F— AF =V, or
F = AF + V. But, as shown above, A : H — H is bounded. Therefore, F = AF + V € H . By the Banach
inverse mapping theorem [20, p. 225], I/ — A : H — H is continuously invertible.

Theorem 1. [fe € C™(Q,) and &(x) > €, for x € Q, and 6,(x) e C™(I),
exists 6, > 0 such that, for 6, < G,, the operator of Eq. (14)

I-A+o,—Lo,T):H—>H (20)
)

Gg(x)| <1, for x € T, then there

io
is continuously invertible.
Proof. By Lemmas 1—3, operator (20) is the sum of a continuously invertible operator /—A4 and a

bounded operator G ,

L(c,T) (as a composition of a bounded operator T : H — W, the operator of

0
multiplication by an infinitely differentiable function ¢,(x), and a bounded operator L : W — H) with a
small norm, if we take a sufficiently small 6, > 0. Then, by the theorem on the sum of a continuously
invertible operator and an operator with a small norm [20, p. 229], we obtain the continuous invertibility
of the operator under consideration.

Corollary 1. Under the hypotheses of Theorem 1, a solution of Eq. (14) exists and is unique for any
smooth E(x) satisfying (1).

Remark 1. The condition of smallness of the conductivity G , is natural for graphene in the infrared and
terahertz frequency ranges.

In the case of nonlinearity of graphene, the derivation of the integro-differential equation and the
results on the solvability of this equation remain valid. It is possible to propose an iterative procedure for
solving the nonlinear equation (14), based on the method of contracting mappings, and prove its conver-
gence.

CONCLUSIONS

In this article, we have considered a vector problem of diffraction of an electromagnetic wave by an
inhomogeneous dielectric body with a graphene coating, without taking into account the nonlinearity of
graphene. A field-matching problem has been formulated and a vector integro-differential equation on the
body has been obtained using the Stratton—Chu formulas. A specific feature of this equation is that it con-
tains both the unknown function itself in the region of inhomogeneity and its trace on the boundary of
this region. Such an equation can be called a surface-volume equation.

Continuous invertibility of the operator corresponding to the equation has been proved. The existence
and uniqueness of a solution of the integro-differential equation in a suitable Sobolev space has been
proved as well.
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