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Abstract—Boundary value problems for the system of Maxwell’s equations are fundamental in elec-
trodynamics. Recently, interest has arisen in problems with the presence of a thin graphene layer on
the surface, which changes the field-matching conditions. In this paper, an integro-differential equa-
tion is obtained for a vector boundary value problem of diffraction of an electromagnetic wave by a
graphene-coated inhomogeneous dielectric body. The existence and uniqueness of a solution of the
integro-differential equation, which can be called a surface-volume equation, is proved.
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INTRODUCTION
Boundary value problems for Maxwell’s equations with field matching play an important role in elec-

trodynamics, especially in problems of electromagnetic-wave diffraction by bounded dielectric bodies.
Although field-matching problems have been studied quite well (see [1–5]), boundary-value problems

with special field matching conditions that allow the presence of a thin layer of material (e.g., graphene)
at the interface between the media have now begun to be studied (see [6–13]). In some cases, it is neces-
sary to take into account the nonlinearity of the field matching conditions (due to the nonlinearity of
graphene in the infrared and terahertz frequency ranges).

In [14], the problem of diffraction of an electromagnetic wave by a graphene-coated homogeneous
dielectric body was considered. It was reduced to a system of surface integro-differential equations. In the
present article, due to the inhomogeneity of the dielectric body, this approach is not applicable.

To study the problem of electromagnetic-wave diffraction by a graphene-coated inhomogeneous
dielectric body, the method of volume singular integral equations was used, which reduces the boundary
value field-matching problem to a volume integro-differential equation over the body. This approach also
allows using numerical methods to find a solution to the integro-differential equation and facilitates effi-
cient parallelization for solving on supercomputers.

The article considers a vector problem of diffraction of electromagnetic waves by an inhomogeneous
dielectric body with a graphene coating (without taking into account the nonlinearity of graphene) and
obtains a system of integro-differential equations over the inhomogeneous body. Continuous invertibility
of the operator corresponding to the equation is proved, as well as the existence and uniqueness of a solu-
tion to the integro-differential equation.

1. PROBLEM STATEMENT

Consider a bounded domain  with a smooth boundary  of class ; the permittivity and per-
meability in it are, respectively,  and  and, in its exterior ,  and , where

Ω ∈ 3
1 R Γ 2C
ε( )x μ0 Ω = Ω3

2 1: R \ ε0 μ0
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, , and  at . Thus, we are considering an inhomogeneous
dielectric body.

The total electromagnetic field  in the domain  is denoted as , and in the domain ,
as . The field is excited by an electromagnetic wave , so that  ,
where  is the known incident field and  is the scattered field. The incident field satisfies
the system of Maxwell’s equations

(1)

To determine the indicated components, it is necessary to solve the system of Maxwell’s equations

(2)

(3)

where  is the circular frequency.
At the boundary , we impose the field matching conditions

(4)

(5)

where  denotes the difference in the traces of the function from different sides of ,  is the
vector normal to the boundary Γ directed into the domain Ω2, the index  denotes the tangent compo-
nents,  denotes the vector product, and

(6)

is the linear conductivity of graphene—a complex-valued function [15], where  and ;

.
At infinity, we have to satisfy the Silver–Muller conditions (see [4, 5]):

(7)

where  is the normal vector to the unit sphere, , and .

We will assume that  and , i.e., seek the classical solution
of problem (1)–(7).

2. INTEGRO-DIFFERENTIAL EQUATION
We define

Using the Stratton–Chu formulas, we express the fields  and  via a combination of surface electric
and magnetic currents.

In the domain , by virtue of (1), we have [4], p. 124, Theorem 4.1,

(8)

where  and  is the outer normal to the boundary of the domain . Hereinafter, we take into
account that the notation of the systems of Maxwell’s equations (1)–(3) differs in coefficients from the
similar notation in [4], but it is easy to recalculate them, so we will not dwell on this issue.
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Further, by virtue of (3) and (7), we also have [4], p. 128, Theorem 4.5

(9)

where  and  is the outer normal to the boundary of the domain .
Subtracting Eq. (9) from (8), given that , we get

(10)

where .
System (2) can be rewritten as

(11)

where

(12)
Applying formula (6.5) from [5], p. 191, Theorem 6.1, by virtue of (11) and (12), we find

where . Next, we transform the obtained expression using the formulas of vector analysis, Stokes’
theorem, and (11), (12) to

(13)

where .
Now, adding (10) and (13), given (4), (5), and (12), we get

or, after transformations, we obtain the equation

(14)

where .
Note that all the above transformations are justified, since we consider solutions from the classes of

functions  and , for which the formulas used above were
obtained in [4, 5].

Equation (14) was first formally obtained in [16]. In this paper, it is obtained by another method.
This equation is a hypersingular integral equation if the gradient and divergence operations are intro-

duced under the integral sign. However, we will not regard it as hypersingular. It will be more convenient
for us to treat it as an integro-differential or pseudo-differential equation.
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A specific feature of this equation is that it contains both the unknown function  itself in the domain
 and its trace  on the boundary . It can be called a surface-volume equation.

3. SOLVABILITY OF THE INTEGRO-DIFFERENTIAL EQUATION
It is more convenient to study the integro-differential equation (14) not in the class of smooth func-

tions, but in suitable Sobolev spaces. These spaces are selected from the conditions of finiteness of energy
in any bounded spatial domain [17, p. 38]. The issues of smoothing of solutions to the equation under con-
sideration are not considered in this article.

Let us introduce the space of functions (see [17, p. 40], [5, p. 207])

with scalar product and norm

We also introduce the space (see [17, p. 86], [5, p. 208])

Such spaces  were first proposed in [18], then in [17], and later began to be used all over the world to
solve problems of diffraction on screens (in foreign publications, they are usually denoted as ).
Here,  is a tangent vector field. More precisely, it is a section of the vector bundle over the manifold .
The Sobolev space  is usually defined via the Fourier transform in local maps and the partition
of unity [17, p. 84]. By div we mean the operation of surface divergence [17, p. 84]. The scalar product and
the norm in  are also defined in [17, p. 85].

Let us write Eq. (14) in operator form

(15)

where

(16)

(17)

(18)

Lemma 1. Operator (18)  is bounded.
The proof follows from estimate (6.52) in [5, p. 208].
Lemma 2. Operator (16)  is bounded.
Proof. We transform the operator  to the form (see [17, p. 93], [5, p. 205])

(19)

where div is again understood as the surface divergence. It is known [17, p. 93], [5, p. 209] that the operator

 is bounded when acting from  to ; therefore,

 and  for . Obviously,

. In addition, . Therefore,

 is bounded and we have an estimate  with some constant 
and any . Note that it suffices to prove this estimate for smooth functions (tangent fields), and then
extend it to the entire space  by continuity due to the denseness of smooth functions in .
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Lemma 3. If  and  for , then the operator  is bounded and has
a continuous inverse.

Proof. In Theorem 6 [19, p. 160], it is proved that, under the conditions specified in the theorem, the
operator  is bounded and has a continuous inverse. Consider this operator in the
space .

Let us prove the boundedness of the operator A in H. Obviously, 

 (and even belongs to ), if  (see [19, p. 144]). Therefore,

 if . Next,  if

 (since the potential ) [19, p. 144]. But

; therefore,  if

. Then, by virtue of (17), the operator  is bounded in .
Let  be the unique solution of the equation , , which holds by virtue

of the continuous invertibility of the operator . Obviously, for , such a
unique solution exists too. Assume that it is . We will prove that . We have , or

. But, as shown above,  is bounded. Therefore, . By the Banach
inverse mapping theorem [20, p. 225],  is continuously invertible.

Theorem 1. If  and  for  and , , for , then there
exists  such that, for , the operator of Eq. (14)

(20)

is continuously invertible.
Proof. By Lemmas 1–3, operator (20) is the sum of a continuously invertible operator  and a

bounded operator  (as a composition of a bounded operator , the operator of

multiplication by an infinitely differentiable function , and a bounded operator ) with a
small norm, if we take a sufficiently small . Then, by the theorem on the sum of a continuously
invertible operator and an operator with a small norm [20, p. 229], we obtain the continuous invertibility
of the operator under consideration.

Corollary 1. Under the hypotheses of Theorem 1, a solution of Eq. (14) exists and is unique for any
smooth  satisfying (1).

Remark 1. The condition of smallness of the conductivity  is natural for graphene in the infrared and
terahertz frequency ranges.

In the case of nonlinearity of graphene, the derivation of the integro-differential equation and the
results on the solvability of this equation remain valid. It is possible to propose an iterative procedure for
solving the nonlinear equation (14), based on the method of contracting mappings, and prove its conver-
gence.

CONCLUSIONS
In this article, we have considered a vector problem of diffraction of an electromagnetic wave by an

inhomogeneous dielectric body with a graphene coating, without taking into account the nonlinearity of
graphene. A field-matching problem has been formulated and a vector integro-differential equation on the
body has been obtained using the Stratton–Chu formulas. A specific feature of this equation is that it con-
tains both the unknown function itself in the region of inhomogeneity and its trace on the boundary of
this region. Such an equation can be called a surface-volume equation.

Continuous invertibility of the operator corresponding to the equation has been proved. The existence
and uniqueness of a solution of the integro-differential equation in a suitable Sobolev space has been
proved as well.

∞ε ∈ Ω1( )C ε > ε0( )x Ω∈ 1x − →:I A H H

− Ω → Ω2 1 2 1: ( ) ( )I A L L
H

Ω
Φ ε ε − ∈

1
0curl ( , )( ( )/ 1) ( )x y x y dyF

Ω2 1( )L 1
loc( )H 3R ∈ Ω2 1( )LF

Ω
Φ ε ε − ∈

1
0( , )( ( )/ 1) ( )x y x y dy HF ∈ HF

Ω
Φ ε ε − ∈ Ω

1
0 2 1grad div ( , )( ( )/ 1) ( ) ( )x y x y dy LF

∈ Ω2 1( )LF
Ω

Φ ε ε − ∈
1

2
lo0 c( , )( ( )/ 1) ( ) ( )x y x y Hdy 3F R

Ω
Φ ε ε − ≡

1
0curl grad div ( , )( ( )/ 1) ( ) 0x y x y dyF

Ω
Φ ε ε − ∈

1
0grad div ( , )( ( )/ 1) ( )x y x y dy HF

∈ HF A H
∈ Ω2 1( )LF − =( )I A F V ∈ Ω2 1( )LV

− Ω → Ω2 1 2 1: ( ) ( )I A L L ∈ HV
F ∈ HF − =AF F V

= +AF F V →:A H H = + ∈A HF F V
− →:I A H H

∞ε ∈ Ω1( )C ε > ε0( )x Ω∈ 1x ∞σ ∈ Γ( ) ( )g x C σ ≤( ) 1g x ∈ Γx
σ >0 0 σ ≤ σ0A

ω
− + σ σ →

ε0

(1 ) :A gi
I A L T H H

−I A

ω
σ σ

ε0

(1 )A gi
L T →:T H W

σ ( )g x →:L W H
σ >0 0

0( )xE
σA
COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 65  No. 9  2025



ON THE EXISTENCE AND UNIQUENESS OF THE SOLUTION 2183
FUNDING

This work was supported by ongoing institutional funding. No additional grants to carry out or direct this partic-
ular research were obtained.

CONFLICT OF INTEREST

The author of this work declares that he has no conflicts of interest.

REFERENCES

1. O. A. Ladyzhenskaya, The Boundary Value Problems of Mathematical Physics (Nauka, Moscow, 1973; Springer-
Verlag, New York, 1985).

2. E. Sanchez-Palencia, Nonhomogeneous Media and Vibration Theory (Springer-Verlag, Berlin, 1980).

3. J.-C. Nédélec, Acoustic and Electromagnetic Equations: Integral Representations for Harmonic Problems (Spring-
er, New York, 2001).

4. D. Colton and R. Kress, Integral Equation Methods in Scattering Theory (Wiley, New York, 1984).

5. D. Colton and R. Kress, Inverse Acoustic and Electromagnetic Scattering Theory (Springer Science + Business
Media, New York, 2013).

6. Yu. G. Smirnov and O. V. Kondyrev, “On the Fredholm property and solvability of a system of integral equa-
tions in the transmission problem for the Helmholtz equation,” Differ. Equations 59 (8), 1095‒1104 (2023). 
https://doi.org/10.1134/S0012266123080086

7. Yu. G. Smirnov and S. V. Tikhov, “Propagation of TE- and TM-waves in a graphene-coated plane waveguide
with allowance for nonlinearity,” Fiz. Volnovykh Protsessov Radiotekh. Sist., No. 4, 70–79 (2023). 
https://doi.org/10.18469/1810-3189.2023.26.4.70-79

8. Yu. G. Smirnov, “On the Fredholm property of integral equations system in the problem of electromagnetic
waves propagation in a graphene-coated rod,” Izv. Vyssh. Uchebn. Zaved. Povolzh. Reg. Fiz.-Mat. Nauki,
No. 3, 74–86 (2023). 
https://doi.org/10.21685/2072-3040-2023-3-6

9. Yu. G. Smirnov and S. V. Tikhov, “On the ability of TE- and TM-waves propagation in a dielectric layer covered
with nonlinear graphene,” Lobachevskii J. Math. 44 (11), 390–403 (2023). 
https://doi.org/10.1134/S1995080223110380

10. Y. G. Smirnov and E. Y. Smolkin, “On the existence of an infinite spectrum of damped leaky TE-polarized
waves in an open inhomogeneous cylindrical metal–dielectric waveguide coated with a graphene layer,” Differ.
Equations 59 (9), 1193–1198 (2023). 
https://doi.org/10.1134/S0012266123090057

11. E. Y. Smolkin and Y. G. Smirnov, “Numerical study of the spectrum of TE-polarized electromagnetic waves of
a Goubau line coated with graphene,” Photonics 10, 1297 (2023). 
https://doi.org/10.3390/photonics10121297

12. Yu. G. Smirnov and E. G. Smolkin, “The method of integral variational relations in the problem of eigenwaves
of a plane dielectric layer coated with graphene,” Lobachevskii J. Math. 44 (9), 4070–4078 (2023). 
https://doi.org/10.1134/S1995080223090408

13. Yu. G. Smirnov and S. V. Tikhov, “The nonlinear eigenvalue problem of electromagnetic wave propagation in
a dielectric layer covered with graphene,” Photonics 10 (5), 523 (2023). 
https://doi.org/10.3390/photonics10050523

14. Yu. G. Smirnov and O. V. Kondyrev, “Integro-differential equations in the problem of scattering of electromag-
netic waves by a graphene-coated dielectric body,” Differ. Equations 60 (9), 1209‒1216 (2024). 
https://doi.org/10.1134/S0012266124090076

15. G. W. Hanson, “Dyadic Green’s functions and guided surface waves for a surface conductivity model of
graphene,” J. Appl. Phys. 103 (6), 064302 (2008). 
https://doi.org/10.1063/1.2891452
COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 65  No. 9  2025



2184 SMIRNOV
16. A. A. Tsupak, “An integral equation method in the problem of electromagnetic wave propagation in a space
filled with a locally inhomogeneous medium with a graphene layer at the boundary of the inhomogeneity re-
gion,” Izv. Vyssh. Uchebn. Zaved. Povolzh. Reg. Fiz.-Mat. Nauki, No. 1, 96–106 (2024). 
https://doi.org/10.21685/2072-3040-2024-1-8

17. A. S. Il’inskii and Yu. G. Smirnov, Diffraction of Electromagnetic Waves by Conducting Thin Screens (IPRZhR,
Moscow, 1996) [in Russian].

18. Yu. G. Smirnov, “On the Fredholm property of the diffraction problem by a f lat perfectly conducting bounded
screen,” Dokl. Akad. Nauk SSSR 319 (1) 147–149 (1991).

19. Yu. G. Smirnov and A. A. Tsupak, Mathematical Theory of Diffraction of Acoustic and Electromagnetic Waves by
a System of Screens and Inhomogeneous Bodies (KnoRus, Moscow, 2016) [in Russian].

20. A. N. Kolmogorov and S. V. Fomin, Elements of the Theory of Functions and Functional Analysis (Dover,
New York, 1999).

Translated by E. Chernokozhin

Publisher’s Note. Pleiades Publishing remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations. 
AI tools may have been used in the translation or editing of this article.
COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS  Vol. 65  No. 9  2025


	INTRODUCTION
	1. PROBLEM STATEMENT
	2. INTEGRO-DIFFERENTIAL EQUATION
	3. SOLVABILITY OF THE INTEGRO-DIFFERENTIAL EQUATION
	CONCLUSIONS
	REFERENCES

